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Abstract

The generalized Riemann problem (GRP) method was proposed for compressible fluid flows based on the Lagrangian
formulation [M. Ben-Artzi, J. Falcovitz, A second-order Godunov-type scheme for compressible fluid dynamics, J. Com-
put. Phys., 55(1) (1984) 1-32], and a direct Eulerian version was developed in [M. Ben-Artzi, J. Li, G. Warnecke, A direct
Eulerian GRP scheme for compressible fluid flows, J. Comput. Phys., 28 (2006) 19-43] by using the concept of Riemann
invariants. The central feature of the GRP method is the resolution of centered rarefaction waves. In this note we show
how to use the concept of Riemann invariants in order to resolve the rarefaction waves in the Lagrangian coordinate sys-
tem and result in the GRP scheme.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The generalized Riemann problem (GRP) method was originally developed for compressible fluid dynamics
[1], then had many applications, see [2-4] and references therein. The method was first formulated for the one
dimensional system of an unsteady and inviscid flow in the Lagrangian coordinate system

U OFU) _

ot x
T —u

u=| u |, FO=]| p |, (1.1)
%Jre up

where (x, ) are Lagrangian coordinates; t = % is the specific volume, and p, u, p are the density, velocity and
pressure, respectively. The internal energy e is given by a state equation p = p(t,e). The main feature of the
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GRP method is to resolve centered rarefaction waves analytically. In [1] the centered rarefaction waves are
resolved by tracing the primitives u and p.

In the context of compressible fluid flows or even hyperbolic conservation laws, the concept of Riemann
invariants plays a very useful role [7] and has an analogue in the diagonalization process of linear hyperbolic
systems. This concept was used in order to derive a direct Eulerian scheme [9,6], which avoids the passage from
the Lagrangian to the Eulerian framework. This concept can also be extended to a more general setting of
hyperbolic balance laws [5].

An important mathematical factor is the Riemann invariants associated with centered rarefaction waves
remain regular up to the singularity point of the waves. This is related to the fact that a Riemann invariant
is constant throughout the corresponding isentropic rarefaction wave. This regularity property of Riemann
invariants is in contrast to the fact that the derivatives of flow variables 7, u and p are singular at the initial
discontinuity. Furthermore, it is very natural in the process of acoustic approximation, which leads to L or E,
scheme in [4], and G in [5] (the letters L, E and G are referred to the words “Lagrangian”, “Eulerian’ and
“GRP”, respectively).

In this note, we show how to use the Riemann invariants in order to resolve the centered rarefaction waves
occurring in the generalized Riemann problem. While the final result coincides with the original GRP treat-
ment [1], the method of derivation is straightforward and conforms to the application of Riemann invariants
in a variety of other systems [9,5,6].

In order to make this paper somewhat self-contained, we recall some basic facts about (1.1) in Section 2,
including the concept of Riemann invariants, characteristic coordinates and the machinery of the GRP
method. In Section 3, we explain the analogue of Riemann invariants in an acoustic approximation. As a cen-
tral ingredient, the resolution of centered rarefaction waves is obtained by directly using the Riemann invar-
iants in Section 4. Then we summarize the result about the time derivatives of solutions used in the GRP
method in Section 5 and present several examples in Section 6.

2. Riemann invariants, characteristic coordinates and the GRP method

In this section we recall the Riemann invariants and characteristic coordinates for (1.1) in order to resolve
the centered rarefaction waves occurring in the generalized Riemann problem, we keep the notations in [1] or
[5], which are listed at the end of this section for the reader’s easy reference. We rewrite (1.1), for smooth flows,
in the following form:

ot—0u=0, Ju+0op=0 0S=0, (2.1)

where 7 is the specific volume, u the velocity, p the pressure and S the entropy related to the other variables
through the second law of thermodynamics

de = TdS — pdz (2.2)
and T is the temperature. Regard p as a function of t and S, p = p(z, S). Then the local sound speed c is given
by ¢? = —1? w The system (1.1) or (2.1) possesses three eigenvalues,

Ao=—c/t, =0, 1 =c/t (2.3)
Let us introduce variables {y and ¢

tﬂ:u—/rmdw, ¢=u+/rwdw. (2.4)

w w
Then the Riemann invariants associated with 1_, 1o and A, are, respectively, see [7],
A (W,8); o (up)y Ay (9,5). (2.5)

We regard all thermodynamic variables p, T, e and ¢ as functions of 7 and S. Then in terms of total differentials
we can write the Riemann invariants ¢ and  (as functions of u, 7, S) as,

0
dtp:du—gerr%dS:du+£dp+K(r,S)dS, (2.6)
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where since % =—[1. a“(gg’s) dw, we have
T Op 1 0c(w,S)
K(z,8)=—-2_ [ 2. 22 4, 2.
(z,5) c oS / w oS dw 27)

Recall [4, (4.67)] that along the characteristic C. : x'(¢) = <, we have du 4 dp = 0, so that in this direction we
get

dy =K(z,S)dS along C.. (2.8)
Observe that this can be further simplified if we note that, by 0,5 = 0, we have,
as
ds =2 q along C,. (2.9)
T Ox
Similarly, since % =[L %”SS) dw, we have
oS
d¢ = —K(7,8)ds, dS= —g —dr, along C_:¥(1) = —g. (2.10)
X

In particular, in the important case of polytropic gases, we have

p=0—-De/r, =y, y>1, (2.11)
where e is a function of S alone. Then the Riemann invariants y, ¢ are
2¢ 2¢
- —y— . 2.12
e T (2.12)

In this case, by using (2.7) and (2.2) we obtain
T op T

K = RS 2.1

(z5) (y—1)cdS ¢ (213)
It follows that:
T ¢ T ¢

dyy = du + dp + dr, d¢ =du-— d dr, 2.14

L e I A R  EL G RS 1 @14)
c? T
Tds = dr+ dp. (2.15)

(=D (=1

Now we establish characteristic coordinates (a, §). They are defined in terms of the integral curves of the fol-
lowing differential equations,

dx ¢ dx c
T & o (2.16)

To be more specific, f is the initial value of the slope —c/t at the singularity (x,#) = (0,0), and « for the trans-
versal characteristic curves is the x-coordinate of the intersection point with the leading f-curve. For poly-
tropic gases, they may be properly normalized, see (4.2) and (4.3) in Section 4. We illustrate this notation
of characteristic coordinates in Fig. 2.1.

Then all flow variables 1, p, u, S, T can be viewed as functions of (o, f). In particular, the Lagrangian coor-
dinates (x,?) are regarded as functions of («, f3),

x=x(o,B), t=1t(x,p), (2.17)
which satisfy

W e & _cl

du  tdd Of TOB
Differentiating the first equation in (2.18) with respect to 5, the second with respect to « and subtracting, we
deduce that the function # = #(«, ) satisfies a second order equation,

(2.18)
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Fig. 2.1. A typical wave pattern for the generalized Riemann problem (1.1) and (2.23). (a) Wave pattern for the GRP. The initial data
Up(x) = Up +xUy, for x <0 and Uy(x) = Ur +xUjy for x > 0. (b) Wave pattern for the associated Riemann problem.

5€ 0%t 0(c/7) 6t+6(fc/‘c) ot

e - _ S Sl 2.19
T 0o df Oa Of op Ou ( )
In terms of the characteristic coordinates (o, ), we write the characteristic equations for y and S as,
oS o ¢ oy ot ¢
T 2K . 2.2
G S e oK), (220)
where S, := 0S5/0x is regarded as a function of («, ). Denote
c(, B)
Ao, p) = K(t,8) - S:(o, f). 2.21
(0.8) = S g K. S) - S.(o (2.21)
Then , as function of (a, §), also satisfies a second order equation, after inserting (2.19),
2 2 -
Y _Ti 0w a0y Gl e a) ] )
00 0ff  0udp 0f 0o 2c¢ O aop of |0 2¢ Oa
This equation is very useful in the resolution of centered rarefaction waves.
Next we consider the generalized Riemann problem for (1.1) subject to the piecewise initial data
UL + Ui x, <0,
Ux,0) = { LRV (2.23)
Ur + Ugx, x>0.

The associated Riemann problem is the initial value problem for (1.1) with the piecewise constant value Uy
and Ug (zero slopes in (2.23)). Denote the associated Riemann solution as RAx/t; Uy, Ur), which can be ob-
tained approximately or exactly, see [12]. The initial structure of the solution U(x, ) to (1.1) and (2.23) is deter-
mined by the associated Riemann solution, and is described asymptotically as [10,11],

lim U (2t,1) = RA(J; UL, Ur), A=x/t. (2.24)
t—

The local wave configuration is usually piecewise smooth and consists of rarefaction waves, shocks and con-
tact discontinuities, as the schematic description in Fig. 2.1. The rarefaction wave as a part of the solution
RA(x/t; U., Ur), is referred to as the associated rarefaction wave.

As is well known, the Riemann invariants remain constant across the corresponding associated rarefaction
wave. For example, the functions y and S are invariant inside the associated rarefaction wave defined by the
eigenvalue 4_, as shown in Fig. 2.1(b). When the non-uniform initial data (2.23) is considered, the GRP solu-
tion of (1.1) can be regarded as the perturbation of R*(x/r; Uy, Ug). Therefore, y and S still remain regular
inside the curved rarefaction wave (associated with 1_) occurring the GRP solution. This fact motivates to use
the Riemann invariants in resolving the rarefaction waves.
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We are now in the position to explain the GRP method. As in [1,6], the GRP method consists of the fol-
lowing four steps.

Step 1. Given piecewise initial data

U'(x) = U; + ‘7;()5 —X;), X € (X172, %/11/2), (2.25)
we solve the Riemann problem for (1.1) at each grid point (x;11/2,1,) to define the Riemann solution
n n Ax n Ax n
Uj+1/2 :RA (07 Uj 2 O' Uj+1 _76j+1>7 (226)
where ¢} and o7, corresponds to Uy and Uy, respectively, in (2.23).
Step 2. Determlne (ou/ar);,,, and calculate mid-point values U”Ill //22 approximately,
At 10U
n+1/2
Ujp = Ujipt5 ( ot )j+1/2. (2.27)
Step 3. Evaluate the new cell averages U;T“ using the updating formula,
n n At n+1/2 n+1/2
vt = vy == (F(Upif) - F(Urih)). (2.28)

where F'is the flux function in (1.1).
Step 4. Update the slope o’/* ! by the following procedure. Define

oU

n+1, n

Ujj:l/Z U+1/2‘*‘At<a ) ;
j+1/2

1 1
n+1,— n+l,— n+1,— n+1,—
J Ax (AU) A_x (Uj+1/2 - Uj—l/Z)'
In order to suppress local oscillations near discontinuities, we apply to a;'“‘f a monotonicity algorithm-slope

limiters,

(2.29)

Ur-l+1 _ UV_H»I Un+1 Ur-’+1
ntl s J J=1  n+l— J+1 J
O'j = minmod <€T g; T 5 (230)

ey ?

where the parameter € € [0,2).

We can see that once the Godunov scheme for (1.1) is assumed, our GRP scheme is just to obtain the time
derivatives (U /0t)},,, used in Step 2. This is the main task in the present paper. In Table 1, we list some
notations often used in the present paper.

3. Acoustic approximation

When U = Ug and U} # Uy, only linear waves emanate from the origin and the acoustic case follows
(Fig. 3.1). Then the GRP scheme becomes simple and is stated in the following theorem.

Theorem 3.1 (Acoustic case). When U,= Uy = Ugr and U} # Ug, we have the acoustic case. (Op/0t)., (Ouldt).
and (0t/0t), can be solved as

Ou [, ¢, , G,

%) T 2 pL+T_uL+pR_T_*uR 5

op 1 e, Cy ¢,

<6t> = ZT{P/LJFT”,LP%*T”R} (3.1)
o e (o

o),  c2\at),

Proof. We rewrite the first two equations of (1.1) as
2
c
p+ ol = 0, w,+p =0. (3.2)
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Table 1

Basic notations

Symbols Definitions

T, U p, S Specific volume, velocity, pressure, entropy

v, ¢ Riemann invariants associated with —¢/z and ¢/z, respectively
O, Or limQ(x,0) as x — 0_, x — 0

Q’u Q/R Constants slope 2—% for x <0, x>0

RA(; 0L, ORr) Solution of the Riemann problem subject to data O, Or

Q. RA0: 01, 0r)

01, 0> The value of Q to the left, the right of contact discontinuity

0-(x,1), Q+(x,1)

(%).

o, B

The solution in the left, the right

6?(x t)atx=0ast— 04

Two characteristic coordinates defined by ¢/t and —c/z, respectively
Shock speed at time zero, corresponding to —¢,

4
T

y > 1 the polytropic index, y = 1.4 for air

U(x,0) = UL +2Up,

U(z,0)=Ur+aUxr T

0

Fig. 3.1.

The acoustic case: Uy = Uy, U, # Uy,

We linearize this system around the state U = U, and use the standard diagonalization process to get

T, Cs T, T,
o29) 5en ) -0 (-2
o), T e/, ¢/,

Then we find that
, , u
“wore \a

&) =% -+

Ty

which immediately gives (0u/0f). and (dp/dt), in (3.1).

Cy Ty

~Zlu—"p) =0. 33
- ( p) (33)
op o,

<6t> = r_uR — P> (3.4)

For the computation of (0t/0f),, we use the following identity, which is obtained from the equation of state

= fop 05
p = p(z,S) and the entropy equation & = 0,

2ot Op oS o

“2atas™ T ey

%P _
or

Remark 3.2. The quantities u +>p and u —

(3.5)

o p are the Riemann invariants in the acoustic case. This moti-

vates us to use Riemann 1nvarlants in the resolutlon of centered rarefaction waves.

Remark 3.3. In the implementation of the GRP

method, we use the acoustic approximation when

|UL — Ugr| < 1. In fact, most cases involve this approximation.
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4. The resolution of centered rarefaction waves

In this section we use the Riemann invariants as the main variables to resolve the centered rarefaction
waves occurring in the generalized Riemann problem (1.1) and (2.23), instead of tracing the singularity of flow
variables u, p and .

Consider the rarefaction waves associated with — ¢ and denote by U_(x, 1) (resp. U,(x, 1)) the states (regions
of smooth flows) ahead (resp. behind) the rarefaction wave, see Fig. 2.1(a) where U_(x, ) is determined by the
left initial data Uy + U} x. Characteristic curves throughout the rarefaction wave are denoted by f(x,7) = f
and o(x, 1) = o, f € [fr,fu], —oo <a <0, f = -2 f, = — . Here 8 and o are denoted as follows: f§ is the
initial value of the slope —¢ at the singularity (x,#) = (0,0), and « for the transversal characteristic curves is
the x-coordinate of the intersection point with the leading fS-curve, which may be properly normalized, see
below for polytropic gases.

Since the initial structure of the solution to (1.1) and (2.23) is determined by the associated Riemann prob-
lem, the rarefaction wave in Fig. 2.1(a) is asymptotically the same as the associated rarefaction wave R™(x/
t; Ur, Ur) in Fig. 2.1(b) at the origin. The latter is expressed by using

x/t=—c/t, Y =const=y, S=SI]. (4.1

The characteristic coordinates inside this associated centered rarefaction wave are, see [4], after a
normalization,

tass((xa ﬁ) = a(_ﬁ)71/27 Xass(avﬁ) = _a(_ﬂ)l/z' (42)
Note that now o > 0. They are the leading terms, in terms of «, of the transform (2.17), as o — 0,
x(a, B) = xass(2, B) + O(az)» (o, B) = tass(, B) + O(“2)~ (4.3)

The following lemma resolves the centered rarefaction wave shown in Fig. 2.1(a). This result is the same as in
(1]

Lemma 4.1. The limiting values % (0, B) and % (0, B) satisfy the linear relation,

0 )
a5 (0.8) + b2 (0,8) = du(p). (44)

for all py. < B < P, where
- (128)

and dy = d\(p) depends on the initial data U, U} and the Riemann solution RA(x/t; Uy, UR). For polytropic
gases, dy is

1+ H2 1/(212) ,u2 (142)/ 42 1/(2)
dy = [1 2 o'/ ek +71 p O TS o — 0 e Jrogy, 0= c(0,B)/cL, (4.6)

Note that the limiting values ©(0, ), c¢(0, f) are obtained from the associated Riemann solution RA(x/l; Uy, Ur),
and TyS;, Yy are given by the formula (2.15) and (2.14), respectively.

Proof. The equation for s in (2.6) and the equation for S in (2.1) yield

Ou t0p Y
%t oo "o (4.7)
Denote ,(a, f) = (0y/0x)(0, B). Note that
Lo (o oy
g (a5 2) (438)

Taking into account (2.8) and (2.9), we have
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o cdy c

so that for (4.8) we get

1 o\ !
%2 lA(“aﬂ)JF‘//a' <6cx> ], (4.10)

(see (2.21) for the notation A(«, §)). Hence Eq. (4.4) follows from (4.7) by setting « = 0 and evaluating (0, )
and A(0, p).

(i)

(i)

The computation of A(0,[). Note that the entropy function S is regular throughout the rarefaction wave.
Then we use the entropy equation & =0 to get

0 0 oS

—S,=——=0 4.11
ot Ox Ot ( )

Denote & = x(o, ). Since a = a(x, ) is chosen to be the x-coordinate of the intersection point of the C -
characteristic curve with the leading C_-characteristic curve, we have « > & > 0. In view that the points
(a, ) and («, B) correspond to the same x-coordinate, we deduce from (4.11)

Si(2, B) = Su(a, Br). (4.12)
It follows, by taking the limit o — 0, that:
S:(0, B) = 8:(0, BL) = Sy.- (4.13)
Thus we conclude
c(0,B) :
A = K . 4.14
(0.8) = S5 g KO 9,505, (4.14)
Particularly, for the polytropic gases, we have, by using (2.13)
7(0,8) o
A(0,8) = ST . 4.15
( ﬁ) T(O, ﬁ) L ( )
We use (2.2) and (2.11) to get 7/T1 = ¢*/c}. Finally we obtain
A(0,p) = 0°T.S, /7(0, p) = 0T, 81 /ey (4.16)

where 0 = ¢(0, f)/c and T1S] is given by (2.15).
The computation of (0, B). Note that (0:/08)(0, ) =0. We set o = 0 for (2.22) to obtain

d C1(0,8) Ot
350D = 5.5 5 e 0B -AO.B). (417)

The integration from fi to f§ gives

_ b T(Ov 5) atass
BB =0 0h) + [ S 0.9 40,4 @.18)
The initial data (0, ;) is obtained from (4.8) by setting § = 1. and noting that % (0,BL) = ¥y,
Ot s 0 L 2 U /
000 = =0 [a0p) 2L 0p]| = (L) wss, -2 (4.19)
x B=br L

For the polytropic gases, we obtain

oy oy AN T
3g 0A) =7,(0.5) B (CL> —11, (4.20)
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where

1 1
B= -
1 + 2#2 (TLCL)1/2

Inserting (4.16) and (4.20) into (4.10) yields (4.6). O

TS, (4.21)

5. Time derivatives of solutions at the singularity

In order to derive the GRP scheme, we not only need to resolve the rarefaction wave, as did in Section 4,
but the resolution of shocks also needs treating. For the latter, we can take the van Leer approach exactly, see
[8], or refer to the original GRP paper [1]. The results are listed in Appendix A. Thus we have the following
theorems.

Theorem 5.1 (Calculation of (0p/0f), and (0u/0t).). The limiting values (Op/dt), and (0uldt), are obtained by
solving a pair of linear algebraic equations

Ou 0
ap <6_t>* +br <a—f>* =d,

5.1
G e () — o
a —_ _ =
R o . R o . R
SPECIFIC VOLUME, TIME =30 PRESSURE, TIME =30
8 1
GRP solution
7 — Exact solution
0.8
6
5 0.6
4 0.4
3
0.2
2
1 : ' ' : 0 ' ' ' '
0 20 40 60 80 100 0 20 40 60 80 100
X -AXIS X- AXIS
VELOCITY, TIME =30 ENERGY, TIME =30
1 3
2.8
0.8 ] T
2.6
0.6 2.4
2
02 1.8
0 1.6
0 20 40 60 80 100 0 20 40 60 80 100
X- AXIS X- AXIS

Fig. 6.1. Numerical results for Sod’s problem: 100 grid points are used.
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where ay, ag, by, b, di and dr depends on the initial data (2.23) and the Riemann solution RA0; U0, UR), and
they are summarized in Appendix A.

. _ ation 88
Use the state equation p = p(r,S) and the entropy equation 5, = 0. We see

p Op ot Op 0S & Ot
% ww s (5:2)

Noting that the specific volume 7 and the sound speed ¢ experience jumps across the contact discontinuity
x =0, (0t/01), is double-valued.

Theorem 5.2 (Calculation of (8t/0¢).). The limiting value (L), is calculated as follows:

ot % (Op
&)= =), )

where 1., ¢, can take either Ti., Cix OF Tas, Cos.

6. Numerical examples

Once the generalized Riemann problem at each grid point is resolved, we can implement the GRP scheme
following the steps in Section 2, see also [1,4,5]. In the choice of the parameter € in the minmod limiter, we use
e = 1.9. We choose the following three one-dimensional examples to illustrate the performance of the resulting
scheme. The solid lines represent the exact solutions, while the dots stand for the corresponding GRP
solutions.

SPECIFIC VOLUME, TIME =30 PRESSURE, TIME =30
1 1.4
GRP solution

—— Exact solution 1.2
0.8t 1
0.8

0.6}
0.6
0.4} 04
0.2
0.2 0

0 20 40 60 80 100 0 20 40 60 80 100
X— AXIS X— AXIS
VELOCITY, TIME =30 ENERGY, TIME =30
0 0.7
-0.2 0.6
-0.4+ 0.5
-0.6 04
-0.81 0.3
-1 0.2
-1.2¢ L 0.1
1.4 0
0 20 40 60 80 100 0 20 40 60 80 100
X— AXIS X— AXIS

Fig. 6.2. Numerical results for a very strong nearly stationary shock: 100 grid points are used.
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SPECIFIC VOLUME, TIME =30 PRESSURE, TIME =30
25 - T T T 0.5
20t . 0.4
15} 0.3
10} 0.2
5 0.1
0 0
0 20 40 60 80 100 0 20 40 60 80 100
X- AXIS X- AXIS
VELOCITY, TIME =30 ENERGY, TIME =30
2 T T T 1 T T
0.9
l 0.8
0.7
0 L
0.6
il 05
0.4
-2 ' ' ' 0.3 ' ' ' '
0 20 40 60 80 100 0 20 40 60 80 100
X- AXIS X- AXIS

Fig. 6.3. Numerical results for the low density and energy problem: 100 grid points are used.

(a) Sod problem. As commonly used, our first example is the shock tube problem. The gas is initially at rest
with t=1, p=1 for 0 < x <50 and =38, p=0.1 for 50 < x < 100. Numerical results are shown at time
t =30 in Fig. 6.1.

(b) Nearly stationary shock. Initially, (t,u,p) = (0.25, —0.3, 4/3) for 0 < x < 50 and (t,u,p) = (1.0, —1.3,
10 for 50 < x < 100. The polytropic index is taken to be y = 5/3. The result is shown in Fig. 6.2.

(¢) Low density and internal energy Riemann problem. The initial data is given with (p,u,p) = (1, =2, 0.4)
for 0 < x < 50 and (p,u,p) =(1,2,0.4) for 50 < x < 100. The solid lines are obtained with the exact Riemann
solvers in [4]. The dotted lines are obtained with 100 points. By this example we show that the GRP scheme
can calculate low density problems and preserve the positivity of the density, pressure and energy to some
extent although we cannot prove this property rigorously (Fig. 6.3).
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Table 2
Useful coefficient for the GRP scheme

Two rarefaction waves (av,br) = (a5, biz'u‘c)7 dy = dfrc
(ar,br) = (ag™®,bg™), dr = dg"™°
Two shocks (aL,b) = ( ail;oci , bikllocl;)7 dy = dsthockk
(ar, br) = (ag*™, bR*), dr = dx**
1-shock and 3-rarefaction wave (av,bL) = (afhok, bf]OCk)7 dy = dy"*
(aw.br) = (a™, bR, dy = d™
l-rarefaction wave and 3-shock (ar,br) = (@, B), dy = dr
(aRbe) — (agwck,bgmck)7 dg = dgmck

Appendix A. Useful coefficients for the GRP scheme

In Table 2, we collect for all cases the coefficients in Theorem 5.1 for the polytropic gases. The 1-shock
(resp. 3-shock) refers to as the shock associated with the C_ family (resp. C;-family). Analogously for the
1-rarefaction wave and the 3-rarefaction wave.

The coefficients for rarefaction waves are given by

() = (125), fagmo) = (1-2), (A1)

Clx Cox

2 27,2 5

) 1+ 'u2 L 1/(21%) 'u2 L (14+42) /1 L. 1/212)
4 — Cix T s (e , A2
- 1+ 22 \cL + 14+ 22 \cL LSt/ cL e/, (A2)

2 2y /7,2 2

1+ #2 o 1/(2p%) 'u2 s (1+p2) /e - 1/(212)
R = = TaSi /w4 (& /o A3
N 14242 \cr * 14212 \ cr RSR/TR + R cROR /TR (A.3)

The coefficients for shock waves are given by
hock hock T
shoc . shock __ . *

a " =1—&(p;pL,t)o, b =i(p;pL,TL) — oL

(A4)
1%
Ay =Ly -py Ly + LY , (A-3)
T
ay°® =14 &1 (p,;prR)0R, bR = — D (p.ipr.R) — URC—?7 (A.6)
2%
di{mk:L}f-pi{—FLuR-u/R—l—Lf'Tip (A7)

where all quantities involved are
2

¢
L;‘ =—oD:(pipLT) — 1, Lk = oL — P3(pipLs L) +T*2L¢2(P*§PLJL)7 (A.8)
— L
LY = —ody(pip, ), o= -k (A9)
Tix — TL
2
c
Ly = orDy(p.;prsr) — 1, Ly = or + D3(p,; pr> Tr) — T—§¢2(P*;PR77R)7 (A.10)
_ R
L$:UR@3(P*;PRJR), UR:*M (A.11)
T2« — TR

and (denote (p,7) = (p,7L) or (,7) = (pr,R)),

¢(p.—f):1 (1—p)7 p.+(1+24°)p

I A T

(. p.T) = — (1—p)t 2+ w)p. +1p (A.12)
2 2\ po+1p p.+1P

L= = p*iﬁ (17#2)T
¢3(p*7pa T) = 27 ’ p. +M21—9
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